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Permutation groups are applied to analyze the symmetries of pentaquark states. All possible quark
configurations of the color, flavor, spin and spatial degrees of freedom are worked out in the language
of permutation groups, and the corresponding wave functions are constructed systematically in the
form of Yamanouchi basis. The pentaquark spatial wave functions of various symmetries, which are
derived in the harmonic-oscillator interaction, are applied as complete bases to evaluate the low-lying
light q4q pentaquark mass of all configurations, where the Cornell-like potential is employed.
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I. INTRODUCTION
In the past decades, hadron physicists have spent great
efforts in hunting for evidences of the multiquark states.
Since the arguable state of Θ+(1540) was proposed as
the first observed pentaquark, tremendous progress on
the experiment and theoretical explorations of the mul-
tiquark states have been achieved. No need to mention
the large amount of XYZ tetraquark candidates, in the
recent years the LHCb Collaboration has reported and
confirmed the observation of three narrow pentaquark-
like states, Pc(4312)
+, Pc(4440)
+ and Pc(4457)
+. All the
three pentaquark-like states may have the quark content
of uudcc¯ [1–3], but their internal structures as well as
quantum numbers are still unclear.
Group theory approach has been applied to construct
the pentaquark wave functions and study the role of
pentaquark components in baryon [4–11]. However, the
construction of high-order spatial wave functions of pen-
taquark states in various permutation symmetries has
been a challenge. In this work we systematically con-
struct in the group theory approach the pentaquark wave
function in the form of Yamanouchi basis, including high-
order spatial excitations. All the basic notations have
been introduced in the previous studies [9, 10], where
the q3 and q4q¯ wave functions have been derived partly.
The paper is organized as follows. In Sec. II the
properties of the characters of the S4 permutation group
are applied to work out all the possible configurations
of color, flavor, spin and spatial degrees of freedom of
q4q¯ states, and the explicit forms of pentaquark wave
functions are derived in the form of Yamanouchi basis
for various configurations. The spatial wave functions of
various symmetries are constructed to high orders in the
harmonic oscillator interaction. In Sec. III we apply the
spatial wave functions constructed in Sec. II as the com-
plete basis, to evaluate the low-lying light pentaquark
mass spectrum in the constituent quark model, where a
hamiltonian including a Cornell-like potential and one-
gluon exchange contribution as hyperfine interaction is
employed and all model parameters are predetermined
by comparing the theoretical and experimental masses of
low-lying q3 baryons. A summary is given in Sec. IV.
II. GROUP THEORY METHODS
A. Color-spin-flavor wave function
The construction of q4q¯ states follow the rules that
a q4q¯ state must be a color singlet and the q4q¯ wave
function should be antisymmetric under any permuta-
tion between identical quarks. The permutation symme-
try of the four-quark configuration of pentaquark states
is characterized by the S4 young tabloids [4], [31], [22],
[211], [1111]. The pentaquark should be a color singlet
demands that the color part of the pentaquark wave func-
tion must be a [222]1 singlet. Since the color part of
the antiquark in pentaquark states is a [11]3 antitriplet,
the color wave function of the four-quark configuration
must be a [211]3 triplet. The total wave function of the
four quark configuration is antisymmetric implies that its
spatial-spin-flavor part must be a [31] state by conjuga-
tion.
The algebraic structure of multiquark state consists of
the usual spin-flavor and color algebras SUsf (6)⊗SUc(3)
with SUsf (6) = SUf(3) ⊗ SUs(2). The 4-quark state
|q1〉|q2〉|q3〉|q4〉 form a m4 dimensional direct product ba-
sis of SU(m) (m = 3, 3, 2 for the color, flavor, and spin),
which can be decomposed according to the S4 permuta-
tion group.
The orthogonal theorem in group theory leads to the
property for the characters of a group [12],
χ(g) =
h∑
β=1
mβχ
(β)(g) (1)
where g are group elements, χ(g) are the characters of
a product (reducible) representation of the group and
2χ(β)(g) are the characters of the irreducible representa-
tion labeled by β. From the above equation, one gets
mα =
1
n
∑
g
χ(α)∗(g)χ(g)
=
r∑
i=1
ρi
n
χ
(α)∗
i χi (2)
Here we have used the fact that the finite group G =
{g} of order n has r conjugacy classes Ci (i = 1, 2, ...r)
and the numbers of the elements in the conjugacy class
Ci is ρi. For the S4 group of order n = 24 there are
five conjugacy classes: (e), (ij), (ij)(kl), (ijk) and (ijkl).
The character values of all five Ci of the S4 group are
presented in Table I for all irreducible representations.
By applying Eq. (2), one gets all the spatial-spin-
flavor configurations and spin-flavor configurations of the
q4 cluster of pentaquarks, as shown in Table II and Table
III, respectively,
TABLE I: Character tables of conjugacy classes of S4
Ci ρi χ
[4] χ[31] χ[22] χ[211] χ[1111]
(e) 1 1 3 2 3 1
(ij) 6 1 1 0 -1 -1
(ij)(kl) 3 1 -1 2 -1 1
(ijk) 8 1 0 -1 0 1
(ijkl) 6 1 -1 0 1 -1
TABLE II: Spatial-spin-flavor configurations of q4.
[31]OSF
[4]O [31]SF
[1111]O [211]SF
[22]O [31]SF , [211]SF
[211]O [31]SF , [211]SF , [22]SF , [1111]SF
[31]O [4]SF , [31]SF , [211]SF , [22]SF
The total wave function of the q4 configuration may be
written in the general form
Ψtotal =
∑
i,j=ρ,λ,η
aij ψ
c
[211]i
ψ
osf
[31]j
, (3)
with
ψ
osf
[31]ρ,λ,η
=
∑
i,j=S,A,ρ,λ,η
bijψ
o
[X]i
ψ
sf
[Y ]j
,
ψ
sf
[Y ] =
∑
i,j=S,A,ρ,λ,η
cijψ
s
[x]i
ψ
f
[y]j
, (4)
TABLE III: Spin-flavor configurations of q4.
[4]FS
[4]FS [22]F [22]S [4]FS [31]F [31]S [4]FS [4]F [4]S
[31]FS
[31]FS [31]F [22]S [31]FS [31]F [31]S [31]FS [31]F [4]S
[31]FS [211]F [22]S [31]FS [211]F [31]S [31]FS [22]F [31]S
[31]FS [4]F [31]S
[22]FS
[22]FS [22]F [22]S [22]FS [22]F [4]S [22]FS [4]F [22]S
[22]FS [211]F [31]S [22]FS [31]F [31]S
[211]FS
[211]FS [211]F [22]S [211]FS [211]F [31]S [211]FS [211]F [4]S
[211]FS [22]F [31]S [211]FS [31]F [22]S [211]FS [31]F [31]S
[1111]FS
[1111]FS [211]F [31]S [1111]FS [22]F [22]S
where ψc, ψosf , ψsf , ψs and ψf are respectively the color,
spatial-spin-flavor, spin-flavor, spin and flavor parts of
the q4 cluster. S, A, ρ, λ, η stand for fully symmetric,
fully antisymmetric, ρ-type, λ-type and η-type functions.
The coefficients in Eqs. (3) and (4) can be determined
by acting the permutations (12), (23) and (34) of the S4
group on both sides of the general wave functions. The
fully antisymmetric wave function for the q4 configura-
tion is worked out,
ψ =
1√
3
(
ψc[211]λψ
osf
[31]ρ
− ψc[211]ρψosf[31]λ + ψ
c
[211]η
ψ
osf
[31]η
)
(5)
The detailed configurations of the spatial-spin-flavor as
well as spin-flavor wave functions are worked out in the
form of Yamanouchi basis, as shown in Appendix I. The
explicit forms of the color, spin, flavor wave functions
of pentaquarks are specified in the previous studies (see,
Ref. [9, 10]).
B. Spatial wave function
We construct the spatial wave functions of the q4q¯ pen-
taquark systems in the harmonic oscillator potential for
the quark-quark interaction. The relative Jacobi coor-
dinates and the corresponding momenta may be defined
respectively as,
~xi =
i√
i+ i2
(
∑i
j=1mj~rj
m1 +m2 + ...mi
− ~ri+1),
~pi = ui
d~xi
dt
, (6)
3where ui are the reduced quark masses defined as,
ui =
(i+ 1)(
∑i
j=1mj)mi+1
i
∑i+1
j=1mj
, i = 1, 2, 3, 4... (7)
where ~rj and mj are the coordinate and mass of the j
th
quark. We assign x1, x2, x3, and x4 to be ρ, λ, η and ξ
Jacobi coordinates, respectively.
We start from the q4 cluster. The q4 spatial wave func-
tion, coupling among the ρ, λ and η harmonic oscillator
wave functions, may take the general form,
ψ
q4[X]y
N ′L′M ′ =
∑
{ni,li}
A(nρ, nλ, nη, lρ, lλ, lη)
·ψnρlρ(~ρ )⊗ ψnλlλ(~λ )⊗ ψnηlη(~η )
=
∑
{ni,li,mi}
Cnρ,lρ,mρ,nλ,lλ,mλ,nη,lη,mη
·ψnρlρmρ(~ρ )ψnλlλmλ(~λ )ψnηlηmη (~η ) (8)
where ψnilimi are just harmonic oscillator wave func-
tions, the sum {ni, li} is over nρ, nλ, nη, lρ, lλ, lη. N ′,
L′, and M ′ are respectively the total principle quan-
tum number, total angular momentum and magnetic
quantum number of the q4 cluster. One has N ′ =
(2nρ + lρ) + (2nλ + lλ) + (2nη + lη). The [X ] and y in
the superscript [X ]y represent the irreducible representa-
tion [X ] and the y-type symmetry of the representation.
The coupling coefficients A(nρ, nλ, nη, lρ, lλ, lη) as well as
Cnρ,lρ,mρ,nλ,lλ,mλ,nη,lη,mη shall be determined according
to the [X ]y, where the representation matrices of the per-
mutations of the S4 group are applied to both sides of the
general form. The explicit forms of the spatial wave func-
tions for the q4 cluster are presented in Appendix II for
the permutation symmetries {[4]S,[31]ρ,λ,η, [211]ρ,λ,η and
[22]ρ,λ}.
The spatial wave function of pentaquark states is sim-
ply the product of the q4 wave function and the harmonic
oscillator wave function for the fourth Jacobi coordinate,
ξ where the antiquark is assigned the coordinate ~r5. The
permutation symmetry of pentaquarks is simply repre-
sented by the q4 cluster since the ψnξ,lξ(
~ξ) is fully sym-
metric for any permutation between quarks. The total
spatial wave function of pentaquarks may take the form,
Ψ
[X]y
NLM = ψ
q4[X]y
N ′L′M ′ ⊗ ψnξ,lξ(~ξ) (9)
where ψnξ,lξ(
~ξ) are the harmonic oscillator functions
for the Jacobi coordinate ξ, [X ]y stand for all possi-
ble permutation symmetries of the q4 cluster, that is,
[X ]y = {[4]S, [31]ρ,λ,η, [211]ρ,λ,η, [22]ρ,λ}. N , L, and
M are respectively the total principle quantum number,
total angular momentum and magnetic quantum number
of the pentaquark, with
N = 2nρ + lρ + 2nλ + lλ + 2nη + lη + 2nξ + lξ (10)
In principle, one can construct the spatial wave func-
tions of pentaquarks to any order by applying the repre-
sentation matrices of the permutations of the S4 group
to the general form in Eq. (8). Though we have been
dealing with a system where the quark-quark potential
is the harmonic oscillator interaction, the spatial wave
functions grouped in this work according to the permu-
tation symmetry can be employed as complete bases to
study a system with other interactions.
III. NUMERICAL CALCULATIONS OF
PENTAQUARK MASS SPECTRUM
We apply, as complete bases, the full wave functions of
pentaquarks worked out in the previous section to study
the pentaquark system described by the Hamiltonian,
H = H0 +H
OGE
hyp ,
H0 =
N∑
k=1
(mk +
p2k
2mk
) +
N∑
i<j
(−3
8
λCi · λCj )(Aijrij −
Bij
rij
),
HOGEhyp = −COGE
∑
i<j
λCi · λCj
mimj
~σi · ~σj , (11)
where Aij and Bij are mass dependent coupling param-
eters, taking the form,
Aij = a
√
mij
mu
, Bij = b
√
mu
mij
(12)
with mij being the reduced mass of i
th and jth quarks,
defined as mij =
2mimj
mi+mj
. The hyperfine interaction,
HOGEhyp includes only one-gluon exchange contribution,
where COGE = Cmm
2
u, with mu being the constituent u
quark mass and Cm a constant. λ
C
i in the above equa-
tions are the generators of color SU(3) group.
The model parameters are determined by fitting
the theoretical results to the experimental data of
the mass of the 8 baryon isospin states, namely,
N(938), Λ(1115), Σ0(1193), Ξ0(1315), ∆(1232),
Σ∗(1385), Ξ∗(1530), and Ω−(1672) as well as the first
radial excitation state N(1440) (Roper resonance) and a
number of orbital excitation l = 1 and l = 2 baryons. All
these baryons are believed to be mainly 3q states whose
masses were taken from Particle Data Group [13]. The
model parameters are predetermined as
mu = md = 350 MeV , ms = 525 MeV ,
Cm = 18 MeV, a = 42000 MeV
2, b = 0.72(13)
The Schro¨dinger equation for the pentaquark systems
described by the Hamiltonian in Eq. (11) is solved nu-
merically by expanding the pentaquark wave functions
in the completed bases presented in Appendix II and III.
For the ground state pentaquarks, one may not expect
any orbital excitation, and hence the spatial wave func-
tions should be fully symmetric. Therefore, the spatial
wave functions of pentaquarks states may be expanded
4in the [4]S complete basis,
Ψq
4q
[4]S
= a1ψ
q4
000[4]S
ψ0,0(~ξ) + a2ψ
q4
200[4]S
ψ0,0(~ξ)
+ a3ψ
q4
000[4]S
ψ1,0(~ξ) + a4ψ
q4
400[4]S
ψ0,0(~ξ)
+ a5ψ
q4
200[4]S
ψ1,0(~ξ) + a6ψ
q4
000[4]S
ψ2,0(~ξ)
+ a7ψ
q4
600[4]S
ψ0,0(~ξ) + a8ψ
q4
400[4]S
ψ1,0(~ξ)
+ · · · · · ·
+ a49ψ
q4
1600[4]S
ψ3,0(~ξ) + a50ψ
q4
1400[4]S
ψ4,0(~ξ)
(14)
The mass spectrum of the ground state q3ss¯ pentaquarks
are presented in Table IV.
TABLE IV: q3ss¯ ground state pentaquark masses.
q4q¯ configurations JP ∆M(q4q)(MeV) M(q4q) (MeV)
Ψsf[4]F [31]S (q
3ss¯) 1
2
−
, 3
2
−
397, 221 2756, 2580
Ψsf[31]F [4]S (q
3ss¯) 3
2
−
, 5
2
−
56, 183 2415, 2542
Ψsf
[31]F [31]S
(q3ss¯) 1
2
−
, 3
2
−
85, 51 2444, 2410
Ψsf
[31]F [22]S
(q3ss¯) 1
2
−
30 2389
Ψsf[211]F [31]S (q
3ss¯) 1
2
−
, 3
2
−
-329, -117 2030, 2242
Ψsf[211]F [22]S (q
3ss¯) 1
2
−
-195 2164
Ψsf[22]F [31]S (q
3ss¯) 1
2
−
, 3
2
−
-227, -7 2132, 2352
IV. SUMMARY
In the work we have worked out all the spatial-spin-
flavor as well as spin-flavor configurations of pentaquark
systems, and derived explicitly the spatial-spin-flavor as
well as spin-flavor wave functions. Spatial wave func-
tions of various permutation symmetries have been con-
structed for the pentaquark systems where the quark-
quark interactions are in the harmonic oscillator type.
The constructed spatial wave functions can serve as com-
plete bases for studying systems in other interactions. As
a simple application, the q3ss¯ pentaquarks in more real-
istic potentials are studied, and the masses of the ground
states are accurately evaluated.
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5Appendix I: Explicit spatial-spin-flavor wave function of pentaquark
In this appendix we list explicitly the spatial-spin-flavor as well as spin-flavor wave functions for all the configurations
in Table II and Table III. O[X], F[X], S[X], FS[X], and OFS[X] in the content below stand respectively for the spatial,
flavor, spin, spin-flavor, and spatial-spin-flavor symmetries. OFS[31] and FS[4], FS[31], FS[211], FS[22], FS[1111] wave
functions are listed separately.
TABLE A1: Explicit OFS[31] wave function
O[X] FS[X] OFS[31] Type Explicit wave function
O[4]FS[31] ρ φ
o
[4]S
φsf[31]ρ
λ φo[4]Sφ
sf
[31]λ
η φo[4]Sφ
sf
[31]η
O[1111]FS[211] ρ φ
o
[1111]A
φsf[211]ρ
λ φo[1111]Aφ
sf
[211]λ
η φo[1111]Aφ
sf
[211]η
O[22]FS[31] ρ
1
2
φo[22]λφ
sf
[31]ρ
+ 1
2
φo[22]ρφ
sf
[31]λ
−
1√
2
φo[22]ρφ
sf
[31]η
λ − 1
2
φo[22]λφ
sf
[31]λ
+ 1
2
φo[22]ρφ
sf
[31]ρ
−
1√
2
φo[22]λφ
sf
[31]η
η − 1√
2
φo[22]λφ
sf
[31]λ
−
1√
2
φo[22]ρφ
sf
[31]ρ
O[22]FS[211] ρ
1
2
φo[22]ρφ
sf
[211]λ
+ 1
2
φo[22]λφ
sf
[211]ρ
+ 1√
2
φo[22]λφ
sf
[211]η
λ − 1
2
φo[22]λφ
sf
[211]λ
+ 1
2
φo[22]ρφ
sf
[211]ρ
−
1√
2
φo[22]ρφ
sf
[211]η
η 1√
2
φo[22]λφ
sf
[211]λ
+ 1√
2
φo[22]ρφ
sf
[211]ρ
O[211]FS[31] ρ
1√
2
φo[211]ηφ
sf
[31]λ
+ 1√
2
φo[211]ρφ
sf
[31]η
λ 1√
2
φo[211]λφ
sf
[31]η
−
1√
2
φo[211]ηφ
sf
[31]ρ
η − 1√
2
φo[211]λφ
sf
[31]λ
−
1√
2
φo[211]ρφ
sf
[31]ρ
O[211]FS[211] ρ
1√
3
φo[211]λφ
sf
[211]ρ
+ 1√
3
φo[211]ρφ
sf
[211]λ
−
1√
6
φo[211]ηφ
sf
[211]λ
−
1√
6
φo[211]λφ
sf
[211]η
λ − 1√
3
φo[211]λφ
sf
[211]λ
+ 1√
3
φo[211]ρφ
sf
[211]ρ
+ 1√
6
φo[211]ηφ
sf
[211]ρ
+ 1√
6
φo[211]ρφ
sf
[211]η
η − 1√
6
φo[211]λφ
sf
[211]λ
−
1√
6
φo[211]ρφ
sf
[211]ρ
+ 2√
6
φo[211]ηφ
sf
[211]η
O[211]FS[22] ρ
1
2
φo[211]λφ
sf
[22]ρ
+ 1
2
φo[211]ρφ
sf
[22]λ
+ 1√
2
φo[211]ηφ
sf
[22]λ
λ − 1
2
φo[211]λφ
sf
[22]λ
+ 1
2
φo[211]ρφ
sf
[22]ρ
−
1√
2
φo[211]ηφ
sf
[22]ρ
η 1√
2
φo[211]λφ
sf
[22]λ
+ 1√
2
φo[211]ρφ
sf
[22]ρ
O[31]FS[4] ρ φ
o
[31]ρ
φsf[4]S
λ φo[31]λφ
sf
[4]S
η φo[31]ηφ
sf
[4]S
O[31]FS[31] ρ
1√
3
φo[31]λφ
sf
[31]ρ
+ 1√
3
φo[31]ρφ
sf
[31]λ
+ 1√
6
φo[31]ηφ
sf
[31]ρ
+ 1√
6
φo[31]ρφ
sf
[31]η
λ − 1√
3
φo[31]λφ
sf
[31]λ
+ 1√
3
φo[31]ρφ
sf
[31]ρ
+ 1√
6
φo[31]ηφ
sf
[31]λ
+ 1√
6
φo[31]λφ
sf
[31]η
η 1√
6
φ[31]λφ
sf
[31]λ
+ 1√
6
φ[31]ρφ
sf
[31]ρ
−
2√
6
φ[31]ηφ
sf
[31]η
O[31]FS[211] ρ
1√
2
φo[31]λφ
sf
[211]η
+ 1√
2
φo[31]ηφ
sf
[211]ρ
λ 1√
2
φo[31]ηφ
sf
[211]λ
−
1√
2
φo[31]ρφ
sf
[211]η
η − 1√
2
φo[31]λφ
sf
[211]λ
−
1√
2
φo[31]ρφ
sf
[211]ρ
O[31]FS[22] ρ
1
2
φo[31]λφ
sf
[22]ρ
+ 1
2
φo[31]ρφ
sf
[22]λ
−
1√
2
φo[31]ηφ
sf
[22]ρ
λ − 1
2
φo[31]λφ
sf
[22]λ
+ 1
2
φo[31]ρφ
sf
[22]ρ
−
1√
2
φo[31]ηφ
sf
[22]λ
η − 1√
2
φo[31]λφ
sf
[22]λ
−
1√
2
φo[31]ρφ
sf
[22]ρ
TABLE A2: Explicit FS[4] wave function
F[X] S[X] FS[4] Type Explicit wave function
F[4]S[4] S φ[4]Sχ[4]S
F[31]S[31] S
1√
3
φ[31]λχ[31]λ +
1√
3
φ[31]ρχ[31]ρ +
1√
3
φ[31]ηχ[31]η
F[22]S[22] S
1√
2
φ[22]λχ[22]λ +
1√
2
φ[22]ρχ[22]ρ)
6TABLE A3: Explicit FS[31] wave function
F[X] S[X] FS[31] Type Explicit wave function
F[4]S[31] ρ φ[4]Sχ[31]ρ
λ φ[4]Sχ[31]λ
η φ[4]Sχ[31]η
F[31]S[4] ρ φ[31]ρχ[4]S
λ φ[31]λχ[4]S
η φ[31]ηχ[4]S
F[31]S[31] ρ
1√
3
φ[31]λχ[31]ρ +
1√
3
φ[31]ρχ[31]λ +
1√
6
φ[31]ηχ[31]ρ +
1√
6
φ[31]ρχ[31]η
λ − 1√
3
φ[31]λχ[31]λ +
1√
3
φ[31]ρχ[31]ρ +
1√
6
φ[31]ηχ[31]λ +
1√
6
φ[31]λχ[31]η
η 1√
6
φ[31]λχ[31]λ +
1√
6
φ[31]ρχ[31]ρ −
2√
6
φ[31]ηχ[31]η
F[31]FS[22] ρ
1
2
φ[31]λχ[22]ρ +
1
2
φ[31]ρχ[22]λ −
1√
2
φ[31]ηχ[22]ρ
λ − 1
2
φ[31]λχ[22]λ +
1
2
φ[31]ρχ[22]ρ −
1√
2
φ[31]ηχ[22]λ
η − 1√
2
φ[31]λχ[22]λ −
1√
2
φ[31]ρχ[22]ρ
F[211]S[31] ρ
1√
2
φ[211]ηχ[31]λ +
1√
2
φ[211]ρχ[31]η
λ 1√
2
φ[211]λχ[31]η −
1√
2
φ[211]ηχ[31]ρ
η − 1√
2
φ[211]λχ[31]λ −
1√
2
φ[211]ρχ[31]ρ
F[211]S[22] ρ
1
2
φ[211]λχ[22]ρ +
1
2
φ[211]ρχ[22]λ +
1√
2
φ[211]ηχ[22]λ
λ − 1
2
φ[211]λχ[22]λ +
1
2
φ[211]ρχ[22]ρ −
1√
2
φ[211]ηχ[22]ρ
η 1√
2
φ[211]λχ[22]λ +
1√
2
φ[211]ρχ[22]ρ
F[22]S[31] ρ
1
2
φ[22]λχ[31]ρ +
1
2
φ[22]ρχ[31]λ −
1√
2
φ[22]ρχ[31]η
λ − 1
2
φ[22]λχ[31]λ +
1
2
φ[22]ρχ[31]ρ −
1√
2
φ[22]λχ[31]η
η − 1√
2
φ[22]λχ[31]λ −
1√
2
φ[22]ρχ[31]ρ
TABLE A4: Explicit FS[211] wave function
F[X] S[X] FS[211] Type Explicit wave function
F[31]S[31] ρ
1√
2
φ[31]ηχ[31]ρ −
1√
2
φ[31]ρχ[31]η
λ 1√
2
φ[31]ηχ[31]λ −
1√
2
φ[31]λχ[31]η
η 1√
2
φ[31]λχ[31]ρ −
1√
2
φ[31]ρχ[31]λ
F[31]S[22] ρ
1
2
φ[31]λχ[22]ρ +
1
2
φ[31]ρχ[22]λ +
1√
2
φ[31]ηχ[22]ρ
λ − 1
2
φ[31]λχ[22]λ +
1
2
φ[31]ρχ[22]ρ +
1√
2
φ[31]ηχ[22]λ
η 1√
2
φ[31]ρχ[22]λ −
1√
2
φ[31]λχ[22]ρ
F[211]S[4] ρ φ[211]ρχ[4]S
λ φ[211]λχ[4]S
η φ[211]ηχ[4]S
F[211]S[31] ρ
1√
3
φ[211]λχ[31]ρ +
1√
3
φ[211]ρχ[31]λ +
1√
6
φ[211]ηχ[31]λ −
1√
6
φ[211]ρχ[31]η
λ − 1√
3
φ[211]λχ[31]λ +
1√
3
φ[211]ρχ[31]ρ −
1√
6
φ[211]ηχ[31]ρ −
1√
6
φ[211]λχ[31]η
η 1√
6
φ[211]λχ[31]ρ −
1√
6
φ[211]ρχ[31]λ +
2√
6
φ[211]ηχ[31]η
F[211]FS[22] ρ
1
2
φ[211]λχ[22]ρ +
1
2
φ[211]ρχ[22]λ −
1√
2
φ[211]ηχ[22]λ
λ − 1
2
φ[211]λχ[22]λ +
1
2
φ[211]ρχ[22]ρ +
1√
2
φ[211]ηχ[22]ρ
η − 1√
2
φ[211]ρχ[22]λ +
1√
2
φ[211]λχ[22]ρ
F[22]S[31] ρ
1
2
φ[22]λχ[31]ρ +
1
2
φ[22]ρχ[31]λ +
1√
2
φ[22]ρχ[31]η
λ − 1
2
φ[22]λχ[31]λ +
1
2
φ[22]ρχ[31]ρ +
1√
2
φ[22]λχ[31]η
η − 1√
2
φ[22]ρχ[31]λ +
1√
2
φ[22]λχ[31]ρ
TABLE A5: Explicit FS[22] wave function
F[X] S[X] FS[22] Type Explicit wave function
F[4]S[22] ρ φ[4]Sχ[22]ρ
λ φ[4]Sχ[22]λ
F[31]S[31] ρ
1√
3
φ[31]λχ[31]ρ +
1√
3
φ[31]ρχ[31]λ −
1√
6
φ[31]ηχ[31]ρ −
1√
6
φ[31]ρχ[31]η
λ − 1√
3
φ[31]λχ[31]λ +
1√
3
φ[31]ρχ[31]ρ −
1√
6
φ[31]ηχ[31]λ −
1√
6
φ[31]λχ[31]η
F[211]S[31] ρ
1√
3
φ[211]λχ[31]ρ +
1√
3
φ[211]ρχ[31]λ −
1√
6
φ[211]ηχ[31]λ +
1√
6
φ[211]ρχ[31]η
λ − 1√
3
φ[211]λχ[31]λ +
1√
3
φ[211]ρχ[31]ρ +
1√
6
φ[211]ηχ[31]ρ +
1√
6
φ[211]λχ[31]η
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F[X] S[X] FS[22] Type Explicit wave function
F[22]S[4] ρ φ[22]ρχ[4]S
λ φ[22]λχ[4]S
F[22]S[22] ρ
1√
2
φ[22]ρχ[22]λ +
1√
2
φ[22]λχ[22]ρ
λ − 1√
2
φ[22]λχ[22]λ +
1√
2
φ[22]ρχ[22]ρ
TABLE A6: Explicit FS[1111] wave function
F[X] S[X] FS[1111] Type Explicit wave function
F[211]S[31] A −
1√
3
φ[211]ρχ[31]λ +
1√
3
φ[211]λχ[31]ρ +
1√
3
φ[211]ηχ[31]η
F[22]S[22] A −
1√
2
φ[22]ρχ[22]λ +
1√
2
φ[22]λχ[22]ρ
Appendix II: Spatial wave function of q4 subsystem
In this appendix the spatial wave functions of the q4 subsystem of pentaquarks with the permutation symmetries
[4]S , [31]ρ,λ,η, [22]ρ,λ and [211]ρ,λ,η are listed in Table B1, Table B2 and Table B3 up to N
′ = 22, where lρ, lλ, lη and
are L′ are limited to 0 and 1 only. Note that we have set M ′ = 0 and used the abbreviation,
∑
{ni,li,mi}
Cnρ,lρ,mρ,nλ,lλ,mλ,nη,lη,mηψnρlρmρ(~ρ )ψnλlλmλ(
~λ )ψnηlηmη (~η )
≡
∑
{ni,li}
Cnρ,lρ,nλ,lλ,nη ,lη ψ(nρ, lρ, nλ, lλ, nη, lη)
≡
∑
{ni,li}
Cnρ,lρ,nλ,lλ,nη ,lη (nρ, lρ, nλ, lλ, nη, lη)
(15)
TABLE B1: Normalized q4 spatial wave functions with quantum num-
ber, N ′ = 2n and L′ =M ′ = 0
N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
000[4]S (0, 0, 0, 0, 0, 0)
200[4]S
1√
3
(1, 0, 0, 0, 0, 0), 1√
3
(0, 0, 1, 0, 0, 0), 1√
3
(0, 0, 0, 0, 1, 0)
200[31]ρ
1√
3
(0, 1, 0, 0, 0, 1),
√
2
3
(0, 1, 0, 1, 0, 0)
200[31]λ
1√
3
(0, 0, 0, 1, 0, 1), − 1√
3
(0, 0, 1, 0, 0, 0), 1√
3
(1, 0, 0, 0, 0, 0)
200[31]η −
√
2
3
(0, 0, 0, 0, 1, 0), 1√
6
(0, 0, 1, 0, 0, 0), 1√
6
(1, 0, 0, 0, 0, 0)
200[22]ρ −
1√
3
(0, 1, 0, 1, 0, 0),
√
2
3
(0, 1, 0, 0, 0, 1)
200[22]λ
√
2
3
(0, 0, 0, 1, 0, 1), 1√
6
(0, 0, 1, 0, 0, 0), − 1√
6
(1, 0, 0, 0, 0, 0)
400[4]S
√
5
33
(2, 0, 0, 0, 0, 0),
√
5
33
(0, 0, 2, 0, 0, 0),
√
5
33
(0, 0, 0, 0, 2, 0),√
2
11
(1, 0, 1, 0, 0, 0),
√
2
11
(1, 0, 0, 0, 1, 0),
√
2
11
(0, 0, 1, 0, 1, 0)
400[31]ρ
√
5
39
(0, 1, 0, 0, 1, 1),
√
2
13
(0, 1, 0, 1, 1, 0), 1√
13
(0, 1, 1, 0, 0, 1),√
10
39
(0, 1, 1, 1, 0, 0),
√
5
39
(1, 1, 0, 0, 0, 1),
√
10
39
(1, 1, 0, 1, 0, 0)
400[31]λ
√
5
39
(0, 0, 0, 1, 1, 1), − 1√
13
(0, 0, 1, 0, 1, 0),
√
5
39
(0, 0, 1, 1, 0, 1),
−
√
10
39
(0, 0, 2, 0, 0, 0), 1√
13
(1, 0, 0, 0, 1, 0), 1√
13
(1, 0, 0, 1, 0, 1)√
10
39
(2, 0, 0, 0, 0, 0)
400[31]η −
√
20
39
(0, 0, 0, 0, 2, 0), − 1√
26
(0, 0, 1, 0, 1, 0),
√
5
39
(0, 0, 2, 0, 0, 0)
−
1√
26
(1, 0, 0, 0, 1, 0),
√
2
13
(1, 0, 1, 0, 0, 0),
√
5
39
(2, 0, 0, 0, 0, 0)
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
400[22]ρ
√
10
39
(0, 1, 0, 0, 1, 1), − 1√
13
(0, 1, 0, 1, 1, 0),
√
2
13
(0, 1, 1, 0, 0, 1),
−
√
5
39
(0, 1, 1, 1, 0, 0),
√
10
39
(1, 1, 0, 0, 0, 1), −
√
5
39
(1, 1, 0, 1, 0, 0)
400[22]λ
√
10
39
(0, 0, 0, 1, 1, 1), 1√
26
(0, 0, 1, 0, 1, 0),
√
10
39
(0, 0, 1, 1, 0, 1),√
5
39
(0, 0, 2, 0, 0, 0), − 1√
26
(1, 0, 0, 0, 1, 0),
√
2
13
(1, 0, 0, 1, 0, 1)
−
√
5
39
(2, 0, 0, 0, 0, 0)
600[4]S
√
35
429
(3, 0, 0, 0, 0, 0),
√
35
429
(0, 0, 3, 0, 0, 0),
√
35
429
(0, 0, 0, 0, 3, 0),√
15
143
(2, 0, 1, 0, 0, 0),
√
15
143
(2, 0, 0, 0, 1, 0),
√
15
143
(1, 0, 2, 0, 0, 0),√
15
143
(0, 0, 2, 0, 1, 0),
√
15
143
(1, 0, 0, 0, 2, 0),
√
15
143
(0, 0, 1, 0, 2, 0),√
18
143
(1, 0, 1, 0, 1, 0)
600[31]ρ
√
7
117
(0, 1, 0, 0, 2, 1),
√
2
39
(0, 1, 0, 1, 2, 0),
√
2
39
(0, 1, 1, 0, 1, 1),
2√
39
(0, 1, 1, 1, 1, 0), 1√
39
(0, 1, 2, 0, 0, 1),
√
14
117
(0, 1, 2, 1, 0, 0),√
10
117
(1, 1, 0, 0, 1, 1), 2√
39
(1, 1, 0, 1, 1, 0),
√
2
39
(1, 1, 1, 0, 0, 1),√
20
117
(1, 1, 1, 1, 0, 0),
√
7
117
(2, 1, 0, 0, 0, 1),
√
14
117
(2, 1, 0, 1, 0, 0)
600[31]λ
√
7
117
(0, 0, 0, 1, 2, 1), − 1√
39
(0, 0, 1, 0, 2, 0),
√
10
117
(0, 0, 1, 1, 1, 1),
−
2√
39
(0, 0, 2, 0, 1, 0),
√
7
117
(0, 0, 2, 1, 0, 1), −
√
7
39
(0, 0, 3, 0, 0, 0),
1√
39
(1, 0, 0, 0, 2, 0),
√
2
39
(1, 0, 0, 1, 1, 1),
√
2
39
(1, 0, 1, 1, 0, 1),
−
1√
39
(1, 0, 2, 0, 0, 0), 2√
39
(2, 0, 0, 0, 1, 0), 1√
39
(2, 0, 0, 1, 0, 1),
1√
39
(2, 0, 1, 0, 0, 0),
√
7
39
(3, 0, 0, 0, 0, 0)
600[31]η −
√
14
39
(0, 0, 0, 0, 3, 0), −
√
3
26
(0, 0, 1, 0, 2, 0),
√
7
78
(0, 0, 3, 0, 0, 0),
−
3√
26
(1, 0, 0, 0, 2, 0), 3√
26
(1, 0, 2, 0, 0, 0),
√
3
26
(2, 0, 1, 0, 0, 0),√
7
78
(3, 0, 0, 0, 0, 0)
600[22]ρ
√
14
117
(0, 1, 0, 0, 2, 1), − 1√
39
(0, 1, 0, 1, 2, 0), 2√
39
(0, 1, 1, 0, 1, 1),
−
√
2
39
(0, 1, 1, 1, 1, 0),
√
2
39
(0, 1, 2, 0, 0, 1), −
√
7
117
(0, 1, 2, 1, 0, 0),√
20
117
(1, 1, 0, 0, 1, 1), −
√
2
39
(1, 1, 0, 1, 1, 0), 2√
39
(1, 1, 1, 0, 0, 1),
−
√
10
117
(1, 1, 1, 1, 0, 0),
√
14
117
(2, 1, 0, 0, 0, 1), −
√
7
117
(2, 1, 0, 1, 0, 0)
600[22]λ
√
14
117
(0, 0, 0, 1, 2, 1), 1√
78
(0, 0, 1, 0, 2, 0),
√
20
117
(0, 0, 1, 1, 1, 1),√
2
39
(0, 0, 2, 0, 1, 0),
√
14
117
(0, 0, 2, 1, 0, 1),
√
7
78
(0, 0, 3, 0, 0, 0),
−
1√
78
(1, 0, 0, 0, 2, 0), 2√
39
(1, 0, 0, 1, 1, 1), 2√
39
(1, 0, 1, 1, 0, 1),
1√
78
(1, 0, 2, 0, 0, 0), −
√
2
39
(2, 0, 0, 0, 1, 0),
√
2
39
(2, 0, 0, 1, 0, 1),
−
1√
78
(2, 0, 1, 0, 0, 0), −
√
7
78
(3, 0, 0, 0, 0, 0)
800[4]S
√
7
143
(4, 0, 0, 0, 0, 0),
√
7
143
(0, 0, 4, 0, 0, 0),
√
7
143
(0, 0, 0, 0, 4, 0),√
28
429
(3, 0, 1, 0, 0, 0),
√
28
429
(3, 0, 0, 0, 1, 0),
√
28
429
(1, 0, 3, 0, 0, 0),√
28
429
(0, 0, 3, 0, 1, 0),
√
28
429
(1, 0, 0, 0, 3, 0),
√
28
429
(0, 0, 1, 0, 3, 0),√
10
143
(0, 0, 2, 0, 2, 0),
√
10
143
(2, 0, 0, 0, 2, 0),
√
10
143
(2, 0, 2, 0, 0, 0),√
12
143
(2, 0, 1, 0, 1, 0),
√
12
143
(1, 0, 2, 0, 1, 0),
√
12
143
(1, 0, 1, 0, 2, 0)
800[31]ρ
√
7
221
(0, 1, 0, 0, 3, 1),
√
14
663
(0, 1, 0, 1, 3, 0),
√
7
221
(0, 1, 1, 0, 2, 1),√
10
221
(0, 1, 1, 1, 2, 0),
√
5
221
(0, 1, 2, 0, 1, 1),
√
14
221
(0, 1, 2, 1, 1, 0),√
7
663
(0, 1, 3, 0, 0, 1),
√
14
221
(0, 1, 3, 1, 0, 0),
√
35
663
(1, 1, 0, 0, 2, 1),√
10
221
(1, 1, 0, 1, 2, 0),
√
10
221
(1, 1, 1, 0, 1, 1),
√
20
221
(1, 1, 1, 1, 1, 0),√
5
221
(1, 1, 2, 0, 0, 1),
√
70
663
(1, 1, 2, 1, 0, 0),
√
35
663
(2, 1, 0, 0, 1, 1),
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)√
14
221
(2, 1, 1, 0, 0, 1),
√
7
221
(2, 1, 1, 0, 0, 1),
√
70
663
(2, 1, 1, 1, 0, 0),√
7
221
(3, 1, 0, 0, 0, 1),
√
14
221
(3, 1, 0, 1, 0, 0)
800[31]λ
√
7
221
(0, 0, 0, 1, 3, 1), −
√
7
663
(0, 0, 1, 0, 3, 0),
√
35
663
(0, 0, 1, 1, 2, 1),
−
√
10
221
(0, 0, 2, 0, 2, 0),
√
35
663
(0, 0, 2, 1, 1, 1), −
√
21
221
(0, 0, 3, 0, 1, 0),√
7
221
(0, 0, 3, 1, 0, 1), −
√
28
221
(0, 0, 4, 0, 0, 0),
√
7
663
(1, 0, 0, 0, 3, 0),√
7
221
(1, 0, 0, 1, 2, 1),
√
10
221
(1, 0, 1, 1, 1, 1), −
√
3
221
(1, 0, 2, 0, 1, 0),√
7
221
(1, 0, 2, 1, 0, 1), −
√
28
663
(1, 0, 3, 0, 0, 0),
√
10
221
(2, 0, 0, 0, 2, 0),√
5
221
(2, 0, 0, 1, 1, 1),
√
3
221
(2, 0, 1, 0, 1, 0),
√
5
221
(2, 0, 1, 1, 0, 1),√
21
221
(3, 0, 0, 0, 1, 0),
√
7
663
(3, 0, 0, 1, 0, 1),
√
28
663
(3, 0, 1, 0, 0, 0),√
28
221
(4, 0, 0, 0, 0, 0)
800[31]η −
√
56
221
(0, 0, 0, 0, 4, 0), −
√
175
1326
(0, 0, 1, 0, 3, 0), −
√
5
221
(0, 0, 2, 0, 2, 0),√
7
1326
(0, 0, 3, 0, 1, 0),
√
14
221
(0, 0, 4, 0, 0, 0), −
√
175
1326
(1, 0, 0, 0, 3, 0),
−
√
6
221
(1, 0, 1, 0, 2, 0),
√
3
442
(1, 0, 2, 0, 1, 0),
√
56
663
(1, 0, 3, 0, 0, 0),
−
√
5
221
(2, 0, 0, 0, 2, 0),
√
3
442
(2, 0, 1, 0, 1, 0),
√
20
221
(2, 0, 2, 0, 0, 0),√
7
1326
(3, 0, 0, 0, 1, 0),
√
56
663
(3, 0, 1, 0, 0, 0),
√
14
221
(4, 0, 0, 0, 0, 0)
800[22]ρ
√
14
221
(0, 1, 0, 0, 3, 1), −
√
7
663
(0, 1, 0, 1, 3, 0),
√
14
221
(0, 1, 1, 0, 2, 1),
−
√
5
221
(0, 1, 1, 1, 2, 0),
√
10
221
(0, 1, 2, 0, 1, 1), −
√
7
221
(0, 1, 2, 1, 1, 0),√
14
663
(0, 1, 3, 0, 0, 1), −
√
7
221
(0, 1, 3, 1, 0, 0),
√
70
663
(1, 1, 0, 0, 2, 1),
−
√
5
221
(1, 1, 0, 1, 2, 0),
√
20
221
(1, 1, 1, 0, 1, 1), −
√
10
221
(1, 1, 1, 1, 1, 0),√
10
221
(1, 1, 2, 0, 0, 1), −
√
35
663
(1, 1, 2, 1, 0, 0),
√
70
663
(2, 1, 0, 0, 1, 1),
−
√
7
221
(2, 1, 1, 0, 0, 1),
√
14
221
(2, 1, 1, 0, 0, 1), −
√
35
663
(2, 1, 1, 1, 0, 0),√
14
221
(3, 1, 0, 0, 0, 1), −
√
7
221
(3, 1, 0, 1, 0, 0)
800[22]λ
√
14
221
(0, 0, 0, 1, 3, 1),
√
7
1326
(0, 0, 1, 0, 3, 0),
√
70
663
(0, 0, 1, 1, 2, 1),√
5
221
(0, 0, 2, 0, 2, 0),
√
70
663
(0, 0, 2, 1, 1, 1),
√
21
442
(0, 0, 3, 0, 1, 0),√
14
221
(0, 0, 3, 1, 0, 1),
√
14
221
(0, 0, 4, 0, 0, 0), −
√
7
1326
(1, 0, 0, 0, 3, 0),√
14
221
(1, 0, 0, 1, 2, 1),
√
20
221
(1, 0, 1, 1, 1, 1),
√
3
442
(1, 0, 2, 0, 1, 0),√
14
221
(1, 0, 2, 1, 0, 1),
√
14
663
(1, 0, 3, 0, 0, 0), −
√
5
221
(2, 0, 0, 0, 2, 0),√
10
221
(2, 0, 0, 1, 1, 1), −
√
3
442
(2, 0, 1, 0, 1, 0),
√
10
221
(2, 0, 1, 1, 0, 1),
−
√
21
442
(3, 0, 0, 0, 1, 0),
√
14
663
(3, 0, 0, 1, 0, 1), −
√
14
663
(3, 0, 1, 0, 0, 0),
−
√
14
221
(4, 0, 0, 0, 0, 0)
1000[4]S
√
7
221
(5, 0, 0, 0, 0, 0),
√
7
221
(0, 0, 5, 0, 0, 0),
√
7
221
(0, 0, 0, 0, 5, 0),√
105
2431
(4, 0, 1, 0, 0, 0),
√
105
2431
(4, 0, 0, 0, 1, 0),
√
105
2431
(1, 0, 4, 0, 0, 0),√
105
2431
(0, 0, 4, 0, 1, 0),
√
105
2431
(1, 0, 0, 0, 4, 0),
√
105
2431
(0, 0, 1, 0, 4, 0),√
350
7293
(3, 0, 2, 0, 0, 0),
√
350
7293
(3, 0, 0, 0, 2, 0),
√
350
7293
(2, 0, 3, 0, 0, 0),√
350
7293
(0, 0, 3, 0, 2, 0),
√
350
7293
(2, 0, 0, 0, 3, 0),
√
350
7293
(0, 0, 2, 0, 3, 0),√
150
2431
(1, 0, 2, 0, 2, 0),
√
150
2431
(2, 0, 1, 0, 2, 0),
√
150
2431
(2, 0, 2, 0, 1, 0),√
140
2431
(3, 0, 1, 0, 1, 0),
√
140
2431
(1, 0, 3, 0, 1, 0),
√
140
2431
(1, 0, 1, 0, 3, 0)
1000[31]ρ
√
77
4199
(0, 1, 0, 0, 4, 1),
√
42
4199
(0, 1, 0, 1, 4, 0),
√
84
4199
(0, 1, 1, 0, 3, 1),√
280
12597
(0, 1, 1, 1, 3, 0),
√
70
4199
(0, 1, 2, 0, 2, 1),
√
140
4199
(0, 1, 2, 1, 2, 0),√
140
12597
(0, 1, 3, 0, 1, 1),
√
168
4199
(0, 1, 3, 1, 1, 0),
√
21
4199
(0, 1, 4, 0, 0, 1),
Continued on next page
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)√
154
4199
(0, 1, 4, 1, 0, 0),
√
140
4199
(1, 1, 0, 0, 3, 1),
√
280
12597
(1, 1, 0, 1, 3, 0),√
140
4199
(1, 1, 1, 0, 2, 1),
√
200
4199
(1, 1, 1, 1, 2, 0), 10√
4199
(1, 1, 2, 0, 1, 1),√
280
12597
(1, 1, 2, 1, 1, 0),
√
140
4199
(1, 1, 3, 0, 0, 1),
√
280
4199
(1, 1, 3, 1, 0, 0),√
490
12597
(2, 1, 0, 0, 2, 1),
√
140
4199
(2, 1, 0, 1, 2, 0),
√
140
4199
(2, 1, 1, 0, 1, 1),√
280
4199
(2, 1, 1, 1, 1, 0),
√
70
4199
(2, 1, 2, 0, 0, 1),
√
980
12597
(2, 1, 2, 1, 0, 0),√
140
4199
(3, 1, 0, 0, 1, 1),
√
168
4199
(3, 1, 0, 1, 1, 0),
√
84
4199
(3, 1, 1, 0, 0, 1),√
280
4199
(3, 1, 1, 1, 0, 0),
√
77
4199
(4, 1, 0, 0, 0, 1),
√
154
4199
(4, 1, 0, 1, 0, 0)
1000[31]λ
√
77
4199
(0, 0, 0, 1, 4, 1), −
√
21
4199
(0, 0, 1, 0, 4, 0),
√
140
4199
(0, 0, 1, 1, 3, 1),
−
√
280
12597
(0, 0, 2, 0, 3, 0),
√
490
12597
(0, 0, 2, 1, 2, 1), −
√
210
4199
(0, 0, 3, 0, 2, 0),√
140
4199
(0, 0, 3, 1, 1, 1), −
√
336
4199
(0, 0, 4, 0, 1, 0),
√
77
4199
(0, 0, 4, 1, 0, 1),
−
√
385
4199
(0, 0, 5, 0, 0, 0),
√
21
4199
(1, 0, 0, 0, 4, 0),
√
84
4199
(1, 0, 0, 1, 3, 1),√
140
4199
(1, 0, 1, 1, 2, 1), −
√
30
4199
(1, 0, 2, 0, 2, 0), 140√
4199
(1, 1, 2, 1, 1, 1),
−
√
112
4199
(1, 0, 3, 0, 1, 0),
√
84
4199
(1, 0, 3, 1, 0, 1), −
√
189
4199
(1, 0, 4, 0, 0, 0),√
280
12597
(2, 0, 0, 0, 3, 0),
√
70
4199
(2, 0, 0, 1, 2, 1),
√
30
4199
(2, 0, 1, 1, 1, 1),
10√
4199
(2, 0, 1, 1, 1, 1),
√
70
4199
(2, 0, 2, 1, 0, 1), −
√
70
12597
(2, 0, 3, 0, 0, 0),√
210
4199
(3, 0, 0, 0, 2, 0),
√
140
12597
(3, 0, 0, 1, 1, 1),
√
112
4199
(3, 0, 1, 0, 1, 0),√
140
12597
(3, 0, 1, 1, 0, 1),
√
70
12597
(3, 0, 2, 0, 0, 0),
√
336
4199
(4, 0, 0, 0, 1, 0),√
21
4199
(4, 0, 0, 1, 0, 1),
√
189
4199
(4, 0, 1, 0, 0, 0),
√
385
4199
(5, 0, 0, 0, 0, 0)
1000[31]η −
√
770
4199
(0, 0, 0, 0, 5, 0), −
√
1029
8398
(0, 0, 1, 0, 4, 0), −
√
560
12597
(0, 0, 2, 0, 3, 0),
−
√
35
12597
(0, 0, 3, 0, 2, 0),
√
42
4199
(0, 0, 4, 0, 1, 0),
√
385
8398
(0, 0, 5, 0, 0, 0),
−
√
1029
8398
(1, 0, 0, 0, 4, 0), −
√
224
4199
(1, 0, 1, 0, 3, 0), −
√
15
4199
(1, 0, 2, 0, 2, 0),√
56
4199
(1, 0, 3, 0, 1, 0),
√
525
8398
(1, 0, 4, 0, 0, 0), −
√
560
12597
(2, 0, 0, 0, 3, 0),
−
√
15
4199
(2, 0, 1, 0, 2, 0),
√
60
4199
(2, 0, 2, 0, 1, 0),
√
875
12597
(2, 0, 3, 0, 0, 0),
−
√
35
12597
(3, 0, 0, 0, 2, 0),
√
56
4199
(3, 0, 1, 0, 1, 0),
√
875
12597
(3, 0, 2, 0, 0, 0),√
42
4199
(4, 0, 0, 0, 1, 0),
√
525
8398
(4, 0, 1, 0, 0, 0),
√
385
8398
(5, 0, 0, 0, 0, 0)
1000[22]ρ
√
154
4199
(0, 1, 0, 0, 4, 1), −
√
21
4199
(0, 1, 0, 1, 4, 0),
√
168
4199
(0, 1, 1, 0, 3, 1),
−
√
140
12597
(0, 1, 1, 1, 3, 0),
√
140
4199
(0, 1, 2, 0, 2, 1), −
√
70
4199
(0, 1, 2, 1, 2, 0),√
280
12597
(0, 1, 3, 0, 1, 1), −
√
84
4199
(0, 1, 3, 1, 1, 0),
√
42
4199
(0, 1, 4, 0, 0, 1),
−
√
77
4199
(0, 1, 4, 1, 0, 0),
√
70
4199
(1, 1, 0, 0, 3, 1), −
√
140
12597
(1, 1, 0, 1, 3, 0),√
280
4199
(1, 1, 1, 0, 2, 1), − 10√
4199
(1, 1, 1, 1, 2, 0),
√
200
4199
(1, 1, 2, 0, 1, 1),
−
√
140
12597
(1, 1, 2, 1, 1, 0),
√
280
4199
(1, 1, 3, 0, 0, 1), −
√
140
4199
(1, 1, 3, 1, 0, 0),√
980
12597
(2, 1, 0, 0, 2, 1), −
√
70
4199
(2, 1, 0, 1, 2, 0),
√
280
4199
(2, 1, 1, 0, 1, 1),
−
√
140
4199
(2, 1, 1, 1, 1, 0),
√
140
4199
(2, 1, 2, 0, 0, 1), −
√
490
12597
(2, 1, 2, 1, 0, 0),√
280
4199
(3, 1, 0, 0, 1, 1), −
√
84
4199
(3, 1, 0, 1, 1, 0),
√
168
4199
(3, 1, 1, 0, 0, 1),
−
√
140
4199
(3, 1, 1, 1, 0, 0),
√
154
4199
(4, 1, 0, 0, 0, 1), −
√
77
4199
(4, 1, 0, 1, 0, 0)
1000[22]λ
√
154
4199
(0, 0, 0, 1, 4, 1),
√
21
8398
(0, 0, 1, 0, 4, 0),
√
280
4199
(0, 0, 1, 1, 3, 1),√
140
12597
(0, 0, 2, 0, 3, 0),
√
980
12597
(0, 0, 2, 1, 2, 1),
√
105
4199
(0, 0, 3, 0, 2, 0),√
280
4199
(0, 0, 3, 1, 1, 1),
√
168
4199
(0, 0, 4, 0, 1, 0),
√
154
4199
(0, 0, 4, 1, 0, 1),
Continued on next page
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TABLE B1 – continued from previous page
N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)√
385
8398
(0, 0, 5, 0, 0, 0), −
√
21
8398
(1, 0, 0, 0, 4, 0),
√
168
4199
(1, 0, 0, 1, 3, 1),√
280
4199
(1, 0, 1, 1, 2, 1),
√
15
4199
(1, 0, 2, 0, 2, 0), 280√
4199
(1, 1, 2, 1, 1, 1),√
56
4199
(1, 0, 3, 0, 1, 0),
√
168
4199
(1, 0, 3, 1, 0, 1),
√
189
8398
(1, 0, 4, 0, 0, 0),
−
√
140
12597
(2, 0, 0, 0, 3, 0),
√
140
4199
(2, 0, 0, 1, 2, 1), −
√
15
4199
(2, 0, 1, 1, 1, 1),√
200
4199
(2, 0, 1, 1, 1, 1),
√
140
4199
(2, 0, 2, 1, 0, 1),
√
35
12597
(2, 0, 3, 0, 0, 0),
−
√
105
4199
(3, 0, 0, 0, 2, 0),
√
280
12597
(3, 0, 0, 1, 1, 1), −
√
56
4199
(3, 0, 1, 0, 1, 0),√
280
12597
(3, 0, 1, 1, 0, 1), −
√
35
12597
(3, 0, 2, 0, 0, 0), −
√
168
4199
(4, 0, 0, 0, 1, 0),√
42
4199
(4, 0, 0, 1, 0, 1), −
√
189
8398
(4, 0, 1, 0, 0, 0), −
√
385
8398
(5, 0, 0, 0, 0, 0)
1200[4]S
√
7
323
(6, 0, 0, 0, 0, 0),
√
7
323
(0, 0, 6, 0, 0, 0),
√
7
323
(0, 0, 0, 0, 6, 0),√
126
4199
(5, 0, 1, 0, 0, 0),
√
126
4199
(5, 0, 0, 0, 1, 0),
√
126
4199
(1, 0, 5, 0, 0, 0),√
126
4199
(0, 0, 5, 0, 1, 0),
√
126
4199
(1, 0, 0, 0, 5, 0),
√
126
4199
(0, 0, 1, 0, 5, 0),√
1575
46189
(4, 0, 2, 0, 0, 0),
√
1575
46189
(4, 0, 0, 0, 2, 0),
√
1575
46189
(2, 0, 4, 0, 0, 0),√
1575
46189
(0, 0, 4, 0, 2, 0),
√
1575
46189
(2, 0, 0, 0, 4, 0),
√
1575
46189
(0, 0, 2, 0, 4, 0),
70√
138567
(0, 0, 3, 0, 3, 0), 70√
138567
(3, 0, 0, 0, 3, 0), 70√
138567
(3, 0, 3, 0, 0, 0),√
2100
46189
(3, 0, 1, 0, 2, 0),
√
2100
46189
(3, 0, 2, 0, 1, 0),
√
2100
46189
(1, 0, 3, 0, 2, 0),√
2100
46189
(2, 0, 3, 0, 1, 0),
√
2100
46189
(1, 0, 2, 0, 3, 0),
√
2100
46189
(2, 0, 1, 0, 3, 0),√
1890
46189
(4, 0, 1, 0, 1, 0),
√
1890
46189
(1, 0, 4, 0, 1, 0),
√
1890
46189
(1, 0, 1, 0, 4, 0),√
2250
46189
(2, 0, 2, 0, 2, 0)
1400[4]S
√
5
323
(7, 0, 0, 0, 0, 0),
√
5
323
(0, 0, 7, 0, 0, 0),
√
5
323
(0, 0, 0, 0, 7, 0),√
7
323
(6, 0, 1, 0, 0, 0),
√
7
323
(6, 0, 0, 0, 1, 0),
√
7
323
(1, 0, 6, 0, 0, 0),√
7
323
(0, 0, 6, 0, 1, 0),
√
7
323
(1, 0, 0, 0, 6, 0),
√
7
323
(0, 0, 1, 0, 6, 0),√
105
4199
(5, 0, 2, 0, 0, 0),
√
105
4199
(5, 0, 0, 0, 2, 0),
√
105
4199
(2, 0, 5, 0, 0, 0),√
105
4199
(0, 0, 5, 0, 2, 0),
√
105
4199
(2, 0, 0, 0, 5, 0),
√
105
4199
(0, 0, 2, 0, 5, 0),√
126
4199
(5, 0, 1, 0, 1, 0),
√
126
4199
(1, 0, 5, 0, 1, 0),
√
126
4199
(1, 0, 1, 0, 5, 0),
35√
46189
(0, 0, 4, 0, 3, 0), 35√
46189
(0, 0, 3, 0, 4, 0), 35√
46189
(4, 0, 0, 0, 3, 0),
35√
46189
(3, 0, 0, 0, 4, 0), 35√
46189
(4, 0, 3, 0, 0, 0), 35√
46189
(3, 0, 4, 0, 0, 0),√
1575
46189
(4, 0, 1, 0, 2, 0),
√
1575
46189
(4, 0, 2, 0, 1, 0),
√
1575
46189
(1, 0, 4, 0, 2, 0),√
1575
46189
(2, 0, 4, 0, 1, 0),
√
1575
46189
(1, 0, 2, 0, 4, 0),
√
1575
46189
(2, 0, 1, 0, 4, 0),
70√
138567
(1, 0, 3, 0, 3, 0), 70√
138567
(3, 0, 1, 0, 3, 0), 70√
138567
(3, 0, 3, 0, 1, 0),√
1750
46189
(3, 0, 2, 0, 2, 0),
√
1750
46189
(2, 0, 3, 0, 2, 0),
√
1750
46189
(2, 0, 2, 0, 3, 0)
1600[4]S
√
5
437
(8, 0, 0, 0, 0, 0),
√
5
437
(0, 0, 8, 0, 0, 0),
√
5
437
(0, 0, 0, 0, 8, 0),√
120
7429
(7, 0, 1, 0, 0, 0),
√
120
7429
(7, 0, 0, 0, 1, 0),
√
120
7429
(1, 0, 7, 0, 0, 0),√
120
7429
(0, 0, 7, 0, 1, 0),
√
120
7429
(1, 0, 0, 0, 7, 0),
√
120
7429
(0, 0, 1, 0, 7, 0),√
140
7429
(6, 0, 2, 0, 0, 0),
√
140
7429
(6, 0, 0, 0, 2, 0),
√
140
7429
(2, 0, 6, 0, 0, 0),√
140
7429
(0, 0, 6, 0, 2, 0),
√
140
7429
(2, 0, 0, 0, 6, 0),
√
140
7429
(0, 0, 2, 0, 6, 0),√
168
7429
(6, 0, 1, 0, 1, 0),
√
168
7429
(1, 0, 6, 0, 1, 0),
√
168
7429
(1, 0, 1, 0, 6, 0),√
1960
96577
(0, 0, 5, 0, 3, 0),
√
1960
96577
(0, 0, 3, 0, 5, 0),
√
1960
96577
(5, 0, 0, 0, 3, 0),√
1960
96577
(3, 0, 0, 0, 5, 0),
√
1960
96577
(5, 0, 3, 0, 0, 0),
√
1960
96577
(3, 0, 5, 0, 0, 0),√
2520
96577
(5, 0, 1, 0, 2, 0),
√
2520
96577
(5, 0, 2, 0, 1, 0),
√
2520
96577
(1, 0, 5, 0, 2, 0),√
2520
96577
(2, 0, 5, 0, 1, 0),
√
2520
96577
(1, 0, 2, 0, 5, 0),
√
2520
96577
(2, 0, 1, 0, 5, 0),√
22050
1062347
(0, 0, 4, 0, 4, 0),
√
22050
1062347
(4, 0, 0, 0, 4, 0),
√
22050
1062347
(4, 0, 4, 0, 0, 0),
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)√
29400
1062347
(4, 0, 1, 0, 3, 0),
√
29400
1062347
(4, 0, 3, 0, 1, 0),
√
29400
1062347
(1, 0, 4, 0, 3, 0),√
29400
1062347
(3, 0, 4, 0, 1, 0),
√
29400
1062347
(1, 0, 3, 0, 4, 0),
√
29400
1062347
(3, 0, 1, 0, 4, 0),√
31500
1062347
(4, 0, 2, 0, 2, 0),
√
31500
1062347
(2, 0, 4, 0, 2, 0),
√
31500
1062347
(2, 0, 2, 0, 4, 0),√
98000
3187041
(2, 0, 3, 0, 3, 0),
√
98000
3187041
(3, 0, 2, 0, 3, 0),
√
98000
3187041
(3, 0, 3, 0, 2, 0)
1800[4]S
1√
115
(9, 0, 0, 0, 0, 0), 1√
115
(0, 0, 9, 0, 0, 0), 1√
115
(0, 0, 0, 0, 9, 0),√
27
2185
(8, 0, 1, 0, 0, 0),
√
27
2185
(8, 0, 0, 0, 1, 0),
√
27
2185
(1, 0, 8, 0, 0, 0),√
27
2185
(0, 0, 8, 0, 1, 0),
√
27
2185
(1, 0, 0, 0, 8, 0),
√
27
2185
(0, 0, 1, 0, 8, 0),√
108
7429
(7, 0, 2, 0, 0, 0),
√
108
7429
(7, 0, 0, 0, 2, 0),
√
108
7429
(2, 0, 7, 0, 0, 0),√
108
7429
(0, 0, 7, 0, 2, 0),
√
108
7429
(2, 0, 0, 0, 7, 0),
√
108
7429
(0, 0, 2, 0, 7, 0),√
648
37145
(7, 0, 1, 0, 1, 0),
√
648
37145
(1, 0, 7, 0, 1, 0),
√
648
37145
(1, 0, 1, 0, 7, 0),√
588
37145
(0, 0, 6, 0, 3, 0),
√
588
37145
(0, 0, 3, 0, 6, 0),
√
588
37145
(6, 0, 0, 0, 3, 0),√
588
37145
(3, 0, 0, 0, 6, 0),
√
588
37145
(6, 0, 3, 0, 0, 0),
√
588
37145
(3, 0, 6, 0, 0, 0),√
756
37145
(6, 0, 1, 0, 2, 0),
√
756
37145
(6, 0, 2, 0, 1, 0),
√
756
37145
(1, 0, 6, 0, 2, 0),√
756
37145
(2, 0, 6, 0, 1, 0),
√
756
37145
(1, 0, 2, 0, 6, 0),
√
756
37145
(2, 0, 1, 0, 6, 0),√
7938
482885
(0, 0, 5, 0, 4, 0),
√
7938
482885
(0, 0, 4, 0, 5, 0),
√
7938
482885
(5, 0, 0, 0, 4, 0),√
7938
482885
(4, 0, 0, 0, 5, 0),
√
7938
482885
(5, 0, 4, 0, 0, 0),
√
7938
482885
(4, 0, 5, 0, 0, 0),√
10584
482885
(5, 0, 1, 0, 3, 0),
√
10584
482885
(5, 0, 3, 0, 1, 0),
√
10584
482885
(1, 0, 5, 0, 3, 0),√
10584
482885
(3, 0, 5, 0, 1, 0),
√
10584
482885
(1, 0, 3, 0, 5, 0),
√
10584
482885
(3, 0, 1, 0, 5, 0),√
2268
96577
(5, 0, 2, 0, 2, 0),
√
2268
96577
(2, 0, 5, 0, 2, 0),
√
2268
96577
(2, 0, 2, 0, 5, 0),√
23814
1062347
(1, 0, 4, 0, 4, 0),
√
23814
1062347
(4, 0, 1, 0, 4, 0),
√
23814
1062347
(4, 0, 4, 0, 1, 0),√
26460
1062347
(4, 0, 2, 0, 3, 0),
√
26460
1062347
(4, 0, 3, 0, 2, 0),
√
26460
1062347
(2, 0, 4, 0, 3, 0),√
26460
1062347
(3, 0, 4, 0, 2, 0),
√
26460
1062347
(2, 0, 3, 0, 4, 0),
√
26460
1062347
(3, 0, 2, 0, 4, 0),√
27440
1062347
(3, 0, 3, 0, 3, 0)
2000[4]S
√
7
1035
(10, 0, 0, 0, 0, 0),
√
7
1035
(0, 0, 10, 0, 0, 0),
√
7
1035
(0, 0, 0, 0, 10, 0),√
2
207
(9, 0, 1, 0, 0, 0),
√
2
207
(9, 0, 0, 0, 1, 0),
√
2
207
(1, 0, 9, 0, 0, 0),√
2
207
(0, 0, 9, 0, 1, 0),
√
2
207
(1, 0, 0, 0, 9, 0),
√
2
207
(0, 0, 1, 0, 9, 0),√
5
437
(8, 0, 2, 0, 0, 0),
√
5
437
(8, 0, 0, 0, 2, 0),
√
5
437
(2, 0, 8, 0, 0, 0),√
5
437
(0, 0, 8, 0, 2, 0),
√
5
437
(2, 0, 0, 0, 8, 0),
√
5
437
(0, 0, 2, 0, 8, 0),√
6
437
(8, 0, 1, 0, 1, 0),
√
6
437
(1, 0, 8, 0, 1, 0),
√
6
437
(1, 0, 1, 0, 8, 0),√
280
22287
(0, 0, 7, 0, 3, 0),
√
280
22287
(0, 0, 3, 0, 7, 0),
√
280
22287
(7, 0, 0, 0, 3, 0),√
280
22287
(3, 0, 0, 0, 7, 0),
√
280
22287
(7, 0, 3, 0, 0, 0),
√
280
22287
(3, 0, 7, 0, 0, 0),√
120
7429
(7, 0, 1, 0, 2, 0),
√
120
7429
(7, 0, 2, 0, 1, 0),
√
120
7429
(1, 0, 7, 0, 2, 0),√
120
7429
(2, 0, 7, 0, 1, 0),
√
120
7429
(1, 0, 2, 0, 7, 0),
√
120
7429
(2, 0, 1, 0, 7, 0),√
98
7429
(0, 0, 6, 0, 4, 0),
√
98
7429
(0, 0, 4, 0, 6, 0),
√
98
7429
(6, 0, 0, 0, 4, 0),√
98
7429
(4, 0, 0, 0, 6, 0),
√
98
7429
(6, 0, 4, 0, 0, 0),
√
98
7429
(4, 0, 6, 0, 0, 0),√
392
22287
(6, 0, 1, 0, 3, 0),
√
392
22287
(6, 0, 3, 0, 1, 0),
√
392
22287
(1, 0, 6, 0, 3, 0),√
392
22287
(3, 0, 6, 0, 1, 0),
√
392
22287
(1, 0, 3, 0, 6, 0),
√
392
22287
(3, 0, 1, 0, 6, 0),√
140
7429
(6, 0, 2, 0, 2, 0),
√
140
7429
(2, 0, 6, 0, 2, 0),
√
140
7429
(2, 0, 2, 0, 6, 0),√
6468
482885
(0, 0, 5, 0, 5, 0),
√
6468
482885
(5, 0, 0, 0, 5, 0),
√
6468
482885
(5, 0, 5, 0, 0, 0),
42√
96577
(5, 0, 1, 0, 4, 0), 42√
96577
(5, 0, 4, 0, 1, 0), 42√
96577
(1, 0, 5, 0, 4, 0),
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
42√
96577
(4, 0, 5, 0, 1, 0), 42√
96577
(1, 0, 4, 0, 5, 0), 42√
96577
(4, 0, 1, 0, 5, 0),√
1960
96577
(5, 0, 2, 0, 3, 0),
√
1960
96577
(5, 0, 3, 0, 2, 0),
√
1960
96577
(2, 0, 5, 0, 3, 0),√
1960
96577
(3, 0, 5, 0, 2, 0),
√
1960
96577
(2, 0, 3, 0, 5, 0),
√
1960
96577
(3, 0, 2, 0, 5, 0),√
22050
1062347
(2, 0, 4, 0, 4, 0),
√
22050
1062347
(4, 0, 2, 0, 4, 0),
√
22050
1062347
(4, 0, 4, 0, 2, 0),√
68600
3187041
(4, 0, 3, 0, 3, 0),
√
68600
3187041
(3, 0, 4, 0, 3, 0),
√
68600
3187041
(3, 0, 3, 0, 4, 0)
2200[4]S
√
7
1305
(11, 0, 0, 0, 0, 0),
√
7
1305
(0, 0, 11, 0, 0, 0),
√
7
1305
(0, 0, 0, 0, 11, 0),√
77
10005
(10, 0, 1, 0, 0, 0),
√
77
10005
(10, 0, 0, 0, 1, 0),
√
77
10005
(1, 0, 10, 0, 0, 0),√
77
10005
(0, 0, 10, 0, 1, 0),
√
77
10005
(1, 0, 0, 0, 10, 0),
√
77
10005
(0, 0, 1, 0, 10, 0),√
55
6003
(9, 0, 2, 0, 0, 0),
√
55
6003
(9, 0, 0, 0, 2, 0),
√
55
6003
(2, 0, 9, 0, 0, 0),√
55
6003
(0, 0, 9, 0, 2, 0),
√
55
6003
(2, 0, 0, 0, 9, 0),
√
55
6003
(0, 0, 2, 0, 9, 0),√
22
2001
(9, 0, 1, 0, 1, 0),
√
22
2001
(1, 0, 9, 0, 1, 0),
√
22
2001
(1, 0, 1, 0, 9, 0),√
385
38019
(0, 0, 8, 0, 3, 0),
√
385
38019
(0, 0, 3, 0, 8, 0),
√
385
38019
(8, 0, 0, 0, 3, 0),√
385
38019
(3, 0, 0, 0, 8, 0),
√
385
38019
(8, 0, 3, 0, 0, 0),
√
385
38019
(3, 0, 8, 0, 0, 0),√
165
12673
(8, 0, 1, 0, 2, 0),
√
165
12673
(8, 0, 2, 0, 1, 0),
√
165
12673
(1, 0, 8, 0, 2, 0),√
165
12673
(2, 0, 8, 0, 1, 0),
√
165
12673
(1, 0, 2, 0, 8, 0),
√
165
12673
(2, 0, 1, 0, 8, 0),√
2310
215441
(0, 0, 7, 0, 4, 0),
√
2310
215441
(0, 0, 4, 0, 7, 0),
√
2310
215441
(7, 0, 0, 0, 4, 0),√
2310
215441
(4, 0, 0, 0, 7, 0),
√
2310
215441
(7, 0, 4, 0, 0, 0),
√
2310
215441
(4, 0, 7, 0, 0, 0),√
3080
215441
(7, 0, 1, 0, 3, 0),
√
3080
215441
(7, 0, 3, 0, 1, 0),
√
3080
215441
(1, 0, 7, 0, 3, 0),√
3080
215441
(3, 0, 7, 0, 1, 0),
√
3080
215441
(1, 0, 3, 0, 7, 0),
√
3080
215441
(3, 0, 1, 0, 7, 0),√
3300
215441
(7, 0, 2, 0, 2, 0),
√
3300
215441
(2, 0, 7, 0, 2, 0),
√
3300
215441
(2, 0, 2, 0, 7, 0),√
11858
1077205
(0, 0, 5, 0, 6, 0),
√
11858
1077205
(0, 0, 6, 0, 5, 0),
√
11858
1077205
(5, 0, 0, 0, 6, 0),√
11858
1077205
(6, 0, 0, 0, 5, 0),
√
11858
1077205
(5, 0, 6, 0, 0, 0),
√
11858
1077205
(6, 0, 5, 0, 0, 0),√
3234
215441
(6, 0, 1, 0, 4, 0),
√
3234
215441
(6, 0, 4, 0, 1, 0),
√
3234
215441
(1, 0, 6, 0, 4, 0),√
3234
215441
(4, 0, 6, 0, 1, 0),
√
3234
215441
(1, 0, 4, 0, 6, 0),
√
3234
215441
(4, 0, 1, 0, 6, 0),√
10780
646323
(6, 0, 2, 0, 3, 0),
√
10780
646323
(6, 0, 3, 0, 2, 0),
√
10780
646323
(2, 0, 6, 0, 3, 0),√
10780
646323
(3, 0, 6, 0, 2, 0),
√
10780
646323
(2, 0, 3, 0, 6, 0),
√
10780
646323
(3, 0, 2, 0, 6, 0),
462√
14003665
(1, 0, 5, 0, 5, 0), 462√
14003665
(5, 0, 1, 0, 5, 0), 462√
14003665
(5, 0, 5, 0, 1, 0),√
48510
2800733
(5, 0, 2, 0, 4, 0),
√
48510
2800733
(5, 0, 4, 0, 2, 0),
√
48510
2800733
(2, 0, 5, 0, 4, 0),√
48510
2800733
(4, 0, 5, 0, 2, 0),
√
48510
2800733
(2, 0, 4, 0, 5, 0),
√
48510
2800733
(4, 0, 2, 0, 5, 0),√
150920
8402199
(5, 0, 3, 0, 3, 0),
√
150920
8402199
(3, 0, 5, 0, 3, 0),
√
150920
8402199
(3, 0, 3, 0, 5, 0),√
51450
2800733
(3, 0, 4, 0, 4, 0),
√
51450
2800733
(4, 0, 3, 0, 4, 0),
√
51450
2800733
(4, 0, 4, 0, 3, 0)
TABLE B2: Normalized q4 spatial wave functions with quantum num-
ber, N ′ = 2n+ 1 and L′ = 1 and M ′ = 0
N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
110[31]ρ (0, 1, 0, 0, 0, 0)
110[31]λ (0, 0, 0, 1, 0, 0)
110[31]η (0, 0, 0, 0, 0, 1)
310[31]ρ
√
5
11
(1, 1, 0, 0, 0, 0),
√
3
11
(0, 1, 1, 0, 0, 0),
√
3
11
(0, 1, 0, 0, 1, 0)
310[31]λ
√
5
11
(0, 0, 1, 1, 0, 0),
√
3
11
(1, 0, 0, 1, 0, 0),
√
3
11
(0, 0, 0, 1, 1, 0)
310[31]η
√
5
11
(0, 0, 0, 0, 1, 1),
√
3
11
(1, 0, 0, 0, 0, 1),
√
3
11
(0, 0, 1, 0, 0, 1)
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
510[31]ρ
√
35
143
(2, 1, 0, 0, 0, 0),
√
15
143
(0, 1, 2, 0, 0, 0),
√
15
143
(0, 1, 0, 0, 2, 0),√
30
143
(1, 1, 1, 0, 0, 0),
√
30
143
(1, 1, 0, 0, 1, 0),
√
18
143
(0, 1, 1, 0, 1, 0)
510[31]λ
√
35
143
(0, 0, 2, 1, 0, 0),
√
15
143
(2, 0, 0, 1, 0, 0),
√
15
143
(0, 0, 0, 1, 2, 0),√
30
143
(1, 0, 1, 1, 0, 0),
√
30
143
(0, 0, 1, 1, 1, 0),
√
18
143
(1, 0, 0, 1, 1, 0)
510[31]η
√
35
143
(0, 0, 0, 0, 2, 1),
√
15
143
(0, 0, 2, 0, 0, 1),
√
15
143
(2, 0, 0, 0, 0, 1),√
30
143
(1, 0, 0, 0, 1, 1),
√
30
143
(0, 0, 1, 0, 1, 1),
√
18
143
(1, 0, 1, 0, 0, 1)
710[31]ρ
√
7
143
(0, 1, 3, 0, 0, 0),
√
9
143
(0, 1, 2, 0, 1, 0),
√
9
143
(0, 1, 1, 0, 2, 0),√
15
143
(1, 1, 2, 0, 0, 0),
√
7
143
(0, 1, 0, 0, 3, 0),
√
18
143
(1, 1, 1, 0, 1, 0),√
15
143
(1, 1, 0, 0, 2, 0),
√
21
143
(2, 1, 1, 0, 0, 0),
√
21
143
(2, 1, 0, 0, 1, 0),√
21
143
(3, 1, 0, 0, 0, 0)
710[31]λ
√
7
143
(3, 0, 0, 1, 0, 0),
√
9
143
(2, 0, 0, 1, 1, 0),
√
9
143
(1, 0, 0, 1, 2, 0),√
15
143
(2, 0, 1, 1, 0, 0),
√
7
143
(0, 0, 0, 1, 3, 0),
√
18
143
(1, 0, 1, 1, 1, 0),√
15
143
(0, 0, 1, 1, 2, 0),
√
21
143
(1, 0, 2, 1, 0, 0),
√
21
143
(0, 0, 2, 1, 1, 0),√
21
143
(0, 0, 3, 1, 0, 0)
710[31]η
√
7
143
(3, 0, 0, 0, 0, 1),
√
9
143
(2, 0, 1, 0, 0, 1),
√
9
143
(1, 0, 2, 0, 0, 1),√
15
143
(2, 0, 0, 0, 1, 1),
√
7
143
(0, 0, 3, 0, 0, 1),
√
18
143
(1, 0, 1, 0, 1, 1),√
15
143
(0, 0, 2, 0, 1, 1),
√
21
143
(1, 0, 0, 0, 2, 1),
√
21
143
(0, 0, 1, 0, 2, 1),√
21
143
(0, 0, 0, 0, 3, 1)
910[31]ρ
√
63
2431
(0, 1, 0, 0, 4, 0),
√
84
2431
(0, 1, 1, 0, 3, 0),
√
90
2431
(0, 1, 2, 0, 2, 0),√
84
2431
(0, 1, 3, 0, 1, 0),
√
63
2431
(0, 1, 4, 0, 0, 0),
√
140
2431
(1, 1, 0, 0, 3, 0),√
180
2431
(1, 1, 1, 0, 2, 0),
√
180
2431
(1, 1, 2, 0, 1, 0),
√
140
2431
(1, 1, 3, 0, 0, 0),√
210
2431
(2, 1, 0, 0, 2, 0),
√
252
2431
(2, 1, 1, 0, 1, 0),
√
210
2431
(2, 1, 2, 0, 0, 0),√
252
2431
(3, 1, 0, 0, 1, 0),
√
252
2431
(3, 1, 1, 0, 0, 0),
√
21
221
(4, 1, 0, 0, 0, 0)
910[31]λ
√
63
2431
(0, 0, 0, 1, 4, 0),
√
84
2431
(1, 0, 0, 1, 3, 0),
√
90
2431
(2, 0, 0, 1, 2, 0),√
84
2431
(3, 0, 0, 1, 1, 0),
√
63
2431
(4, 0, 0, 1, 0, 0),
√
140
2431
(0, 0, 1, 1, 3, 0),√
180
2431
(1, 0, 1, 1, 2, 0),
√
180
2431
(2, 0, 1, 1, 1, 0),
√
140
2431
(3, 0, 1, 1, 0, 0),√
210
2431
(0, 0, 2, 1, 2, 0),
√
252
2431
(1, 0, 2, 1, 1, 0),
√
210
2431
(2, 0, 2, 1, 0, 0),√
252
2431
(0, 0, 3, 1, 1, 0),
√
252
2431
(1, 0, 3, 1, 0, 0),
√
21
221
(0, 0, 4, 1, 0, 0)
910[31]η
√
63
2431
(0, 0, 4, 0, 0, 1),
√
84
2431
(1, 0, 3, 0, 0, 1),
√
90
2431
(2, 0, 2, 0, 0, 1),√
84
2431
(3, 0, 1, 0, 0, 1),
√
63
2431
(4, 0, 0, 0, 0, 1),
√
140
2431
(0, 0, 3, 0, 1, 1),√
180
2431
(1, 0, 2, 0, 1, 1),
√
180
2431
(2, 0, 1, 0, 1, 1),
√
140
2431
(3, 0, 0, 0, 1, 1),√
210
2431
(2, 0, 0, 0, 2, 1),
√
252
2431
(1, 0, 1, 0, 2, 1),
√
210
2431
(0, 0, 2, 0, 2, 1),√
252
2431
(0, 0, 1, 0, 3, 1),
√
252
2431
(1, 0, 0, 0, 3, 1),
√
21
221
(0, 0, 0, 0, 4, 1)
1110[31]ρ
√
63
4199
(0, 1, 0, 0, 5, 0),
√
945
46189
(0, 1, 1, 0, 4, 0),
√
1050
46189
(0, 1, 2, 0, 3, 0),√
1050
46189
(0, 1, 3, 0, 2, 0),
√
945
46189
(0, 1, 4, 0, 1, 0),
√
63
4199
(0, 1, 5, 0, 0, 0),√
1575
46189
(1, 1, 0, 0, 4, 0),
√
2100
46189
(1, 1, 1, 0, 3, 0),
√
2250
46189
(1, 1, 2, 0, 2, 0),√
2100
46189
(1, 1, 3, 0, 1, 0),
√
1575
46189
(1, 1, 4, 0, 0, 0),
√
2450
46189
(2, 1, 3, 0, 0, 0),√
3150
46189
(2, 1, 1, 0, 2, 0),
√
3150
46189
(2, 1, 2, 0, 1, 0),
√
2450
46189
(2, 1, 0, 0, 3, 0),√
3150
46189
(3, 1, 0, 0, 2, 0),
√
3780
46189
(3, 1, 1, 0, 1, 0),
√
3150
46189
(3, 1, 2, 0, 0, 0),√
315
4199
(4, 1, 0, 0, 1, 0),
√
315
4199
(4, 1, 1, 0, 0, 0),
√
21
323
(5, 1, 0, 0, 0, 0)
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N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)
1110[31]λ
√
63
4199
(0, 0, 0, 1, 5, 0),
√
945
46189
(1, 0, 0, 1, 4, 0),
√
1050
46189
(2, 0, 0, 1, 3, 0),√
1050
46189
(3, 0, 0, 1, 2, 0),
√
945
46189
(4, 0, 0, 1, 1, 0),
√
63
4199
(5, 0, 0, 1, 0, 0),√
1575
46189
(0, 0, 1, 1, 4, 0),
√
2100
46189
(1, 0, 1, 1, 3, 0),
√
2250
46189
(2, 0, 1, 1, 2, 0),√
2100
46189
(3, 0, 1, 1, 1, 0),
√
1575
46189
(4, 0, 1, 1, 0, 0),
√
2450
46189
(3, 0, 2, 1, 0, 0),√
3150
46189
(1, 0, 2, 1, 2, 0),
√
3150
46189
(2, 0, 2, 1, 1, 0),
√
2450
46189
(0, 0, 2, 1, 3, 0),√
3150
46189
(0, 0, 3, 1, 2, 0),
√
3780
46189
(1, 0, 3, 1, 1, 0),
√
3150
46189
(2, 0, 3, 1, 0, 0),√
315
4199
(0, 0, 4, 1, 1, 0),
√
315
4199
(1, 0, 4, 1, 0, 0),
√
21
323
(0, 0, 5, 1, 0, 0)
1110[31]η
√
63
4199
(5, 0, 0, 0, 0, 1),
√
945
46189
(4, 0, 1, 0, 0, 1),
√
1050
46189
(3, 0, 2, 0, 0, 1),√
1050
46189
(2, 0, 3, 0, 0, 1),
√
945
46189
(1, 0, 4, 0, 0, 1),
√
63
4199
(0, 0, 5, 0, 0, 1),√
1575
46189
(4, 0, 0, 0, 1, 1),
√
2100
46189
(1, 0, 3, 0, 1, 1),
√
2250
46189
(2, 0, 2, 0, 1, 1),√
2100
46189
(3, 0, 1, 0, 1, 1),
√
1575
46189
(0, 0, 4, 0, 1, 1),
√
2450
46189
(0, 0, 3, 0, 2, 1),√
3150
46189
(2, 0, 1, 0, 2, 1),
√
3150
46189
(1, 0, 2, 0, 2, 1),
√
2450
46189
(3, 0, 0, 0, 2, 1),√
3150
46189
(2, 0, 0, 0, 3, 1),
√
3780
46189
(1, 0, 1, 0, 3, 1),
√
3150
46189
(0, 0, 2, 0, 3, 1),√
315
4199
(1, 0, 0, 0, 4, 1),
√
315
4199
(0, 0, 1, 0, 4, 1),
√
21
323
(0, 0, 0, 0, 5, 1)
TABLE B3: Normalized q4 spatial wave functions with quantum num-
ber, N ′ = 2n, L′ = 1 and M ′ = 0
N ′L′M ′[X]y C(nρ,lρ,nλ,lλ,nη,lη)ψ(nρ, lρ, nλ, lλ, nη , lη)
210[211]ρ (0, 1, 0, 0, 0, 1)
210[211]λ (0, 0, 0, 1, 0, 1)
210[211]η (0, 1, 0, 1, 0, 0)
410[211]ρ
√
5
13
(0, 1, 0, 0, 1, 1),
√
3
13
(0, 1, 1, 0, 0, 1),
√
5
13
(1, 1, 0, 0, 0, 1)
410[211]λ
√
5
13
(0, 0, 0, 1, 1, 1),
√
3
13
(1, 0, 0, 1, 0, 1),
√
5
13
(0, 0, 1, 1, 0, 1)
410[211]η
√
5
13
(0, 1, 1, 1, 0, 0),
√
3
13
(0, 1, 0, 1, 1, 0),
√
5
13
(1, 1, 0, 1, 0, 0)
610[211]ρ
√
7
39
(0, 1, 0, 0, 2, 1),
√
2
13
(0, 1, 1, 0, 1, 1), 1√
13
(0, 1, 2, 0, 0, 1),√
10
39
(1, 1, 0, 0, 1, 1),
√
2
13
(1, 1, 1, 0, 0, 1),
√
7
39
(2, 1, 0, 0, 0, 1)
610[211]λ
√
7
39
(0, 0, 0, 1, 2, 1),
√
2
13
(1, 0, 0, 1, 1, 1), 1√
13
(2, 0, 0, 1, 0, 1),√
10
39
(0, 0, 1, 1, 1, 1),
√
2
13
(1, 0, 1, 1, 0, 1),
√
7
39
(0, 0, 2, 1, 0, 1)
610[211]η
√
7
39
(0, 1, 2, 1, 0, 0),
√
2
13
(0, 1, 1, 1, 1, 0), 1√
13
(0, 1, 0, 1, 2, 0),√
10
39
(1, 1, 1, 1, 0, 0),
√
2
13
(1, 1, 0, 1, 1, 0),
√
7
39
(2, 1, 0, 1, 0, 0)
810[211]ρ
√
21
221
(0, 1, 0, 0, 3, 1),
√
21
221
(0, 1, 1, 0, 2, 1),
√
15
221
(0, 1, 2, 0, 1, 1),√
7
221
(0, 1, 3, 0, 0, 1),
√
35
221
(1, 1, 0, 0, 2, 1),
√
30
221
(1, 1, 1, 0, 1, 1),√
15
221
(1, 1, 2, 0, 0, 1),
√
35
221
(2, 1, 0, 0, 1, 1),
√
21
221
(2, 1, 1, 0, 0, 1),√
21
221
(3, 1, 0, 0, 0, 1)
810[211]λ
√
21
221
(0, 0, 0, 1, 3, 1),
√
21
221
(1, 0, 0, 1, 2, 1),
√
15
221
(2, 0, 0, 1, 1, 1),√
7
221
(3, 0, 0, 1, 0, 1),
√
35
221
(0, 0, 1, 1, 2, 1),
√
30
221
(1, 0, 1, 1, 1, 1),√
15
221
(2, 0, 1, 1, 0, 1),
√
35
221
(0, 0, 2, 1, 1, 1),
√
21
221
(1, 0, 2, 1, 0, 1),√
21
221
(0, 0, 3, 1, 0, 1)
810[211]η
√
21
221
(3, 1, 0, 1, 0, 0),
√
21
221
(2, 1, 0, 1, 1, 0),
√
15
221
(1, 1, 0, 1, 2, 0),√
7
221
(0, 1, 0, 1, 3, 0),
√
35
221
(2, 1, 1, 1, 0, 0),
√
30
221
(1, 1, 1, 1, 1, 0),√
15
221
(0, 1, 1, 1, 2, 0),
√
35
221
(1, 1, 2, 1, 0, 0),
√
21
221
(0, 1, 2, 1, 1, 0),
Continued on next page
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TABLE B3 – continued from previous page
N ′L′M ′[X]y Cnρ,lρ,nλ,lλ,nη,lηψ(nρ, lρ, nλ, lλ, nη , lη)√
21
221
(0, 1, 3, 1, 0, 0)
1010[211]ρ
√
231
4199
(0, 1, 0, 0, 4, 1),
√
252
4199
(0, 1, 1, 0, 3, 1),
√
210
4199
(0, 1, 2, 0, 2, 1),√
140
4199
(0, 1, 3, 0, 1, 1),
√
63
4199
(0, 1, 4, 0, 0, 1),
√
420
4199
(1, 1, 0, 0, 3, 1),√
420
4199
(1, 1, 1, 0, 2, 1),
√
300
4199
(1, 1, 2, 0, 1, 1),
√
140
4199
(1, 1, 3, 0, 0, 1),√
490
4199
(2, 1, 0, 0, 2, 1),
√
420
4199
(2, 1, 1, 0, 1, 1),
√
210
4199
(2, 1, 2, 0, 0, 1),√
420
4199
(3, 1, 0, 0, 1, 1),
√
252
4199
(3, 1, 1, 0, 0, 1),
√
231
4199
(4, 1, 0, 0, 0, 1)
1010[211]λ
√
231
4199
(0, 0, 0, 1, 4, 1),
√
252
4199
(1, 0, 0, 1, 3, 1),
√
210
4199
(2, 0, 0, 1, 2, 1),√
140
4199
(3, 0, 0, 1, 1, 1),
√
63
4199
(4, 0, 0, 1, 0, 1),
√
420
4199
(0, 0, 1, 1, 3, 1),√
420
4199
(1, 0, 1, 1, 2, 1),
√
300
4199
(2, 0, 1, 1, 1, 1),
√
140
4199
(3, 0, 1, 1, 0, 1),√
490
4199
(0, 0, 2, 1, 2, 1),
√
420
4199
(1, 0, 2, 1, 1, 1),
√
210
4199
(2, 0, 2, 1, 0, 1),√
420
4199
(0, 0, 3, 1, 1, 1),
√
252
4199
(1, 0, 3, 1, 0, 1),
√
231
4199
(0, 0, 4, 1, 0, 1)
1010[211]η
√
231
4199
(0, 1, 4, 1, 0, 0),
√
252
4199
(0, 1, 3, 1, 1, 0),
√
210
4199
(0, 1, 2, 1, 2, 0),√
140
4199
(0, 1, 1, 1, 3, 0),
√
63
4199
(0, 1, 0, 1, 4, 0),
√
420
4199
(1, 1, 3, 1, 0, 0),√
420
4199
(1, 1, 2, 1, 1, 0),
√
300
4199
(1, 1, 1, 1, 2, 0),
√
140
4199
(1, 1, 0, 1, 3, 0),√
490
4199
(2, 1, 2, 1, 0, 0),
√
420
4199
(2, 1, 1, 1, 1, 0),
√
210
4199
(2, 1, 0, 1, 2, 0),√
420
4199
(3, 1, 1, 1, 0, 0),
√
252
4199
(3, 1, 0, 1, 1, 0),
√
231
4199
(4, 1, 0, 1, 0, 0)
Appendix III: Spatial wave function of q4q system
In this appendix the spatial wave functions of pentaquarks with the q4 symmetry [4]S are shown in Table C1,
where ψq
4
N ′L′M ′ (L
′ = M ′ = 0) and ψnξ,lξ(
~ξ ) (lξ = 0) are the spatial wave functions of the q
4 subsystem and the
harmonic oscillator wave function for the ~ξ coordinate, respectively. With the limitation nξ ≤ 4, one may have up to
5 degenerate states for each pentaquark energy level.
TABLE C1: Pentaquark spatial wave functions of symmetric type.
Ψq
4q
000[4]S
ψq
4
000[4]S
ψ0,0(~ξ )
Ψq
4q
200[4]S
ψq
4
200[4]S
ψ0,0(~ξ ), ψ
q4
000[4]S
ψ1,0(~ξ )
Ψq
4q
400[4]S
ψq
4
400[4]S
ψ0,0(~ξ ), ψ
q4
200[4]S
ψ1,0(~ξ ), ψ
q4
000[4]S
ψ2,0(~ξ )
Ψq
4q
600[4]S
ψq
4
600[4]S
ψ0,0(~ξ), ψ
q4
400[4]S
ψ1,0(~ξ), ψ
q4
200[4]S
ψ2,0(~ξ), ψ
q4
000[4]S
ψ3,0(~ξ)
Ψq
4q
800[4]S
ψq
4
800[4]S
ψ0,0(~ξ), ψ
q4
600[4]S
ψ1,0(~ξ), ψ
q4
400[4]S
ψ2,0(~ξ), ψ
q4
200[4]S
ψ3,0(~ξ), ψ
q4
000[4]S
ψ4,0(~ξ)
Ψq
4q
1000[4]S
ψq
4
1000[4]S
ψ0,0(~ξ), ψ
q4
800[4]S
ψ1,0(~ξ), ψ
q4
600[4]S
ψ2,0(~ξ), ψ
q4
400[4]S
ψ3,0(~ξ), ψ
q4
200[4]S
ψ4,0(~ξ)
Ψq
4q
1200[4]S
ψq
4
1200[4]S
ψ0,0(~ξ), ψ
q4
1000[4]S
ψ1,0(~ξ), ψ
q4
800[4]S
ψ2,0(~ξ), ψ
q4
600[4]S
ψ3,0(~ξ), ψ
q4
400[4]S
ψ4,0(~ξ)
Ψq
4q
1400[4]S
ψq
4
1400[4]S
ψ0,0(~ξ), ψ
q4
1200[4]S
ψ1,0(~ξ), ψ
q4
1000[4]S
ψ2,0(~ξ), ψ
q4
800[4]S
ψ3,0(~ξ), ψ
q4
600[4]S
ψ4,0(~ξ)
Ψq
4q
1600[4]S
ψq
4
1600[4]S
ψ0,0(~ξ), ψ
q4
1400[4]S
ψ1,0(~ξ), ψ
q4
1200[4]S
ψ2,0(~ξ), ψ
q4
1000[4]S
ψ3,0(~ξ), ψ
q4
800[4]S
ψ4,0(~ξ)
Ψq
4q
1800[4]S
ψq
4
1800[4]S
ψ0,0(~ξ), ψ
q4
1600[4]S
ψ1,0(~ξ), ψ
q4
1400[4]S
ψ2,0(~ξ), ψ
q4
1200[4]S
ψ3,0(~ξ), ψ
q4
1000[4]S
ψ4,0(~ξ)
Ψq
4q
2000[4]S
ψq
4
2000[4]S
ψ0,0(~ξ), ψ
q4
1800[4]S
ψ1,0(~ξ), ψ
q4
1600[4]S
ψ2,0(~ξ), ψ
q4
1400[4]S
ψ3,0(~ξ), ψ
q4
1200[4]S
ψ4,0(~ξ)
Ψq
4q
2200[4]S
ψq
4
2200[4]S
ψ0,0(~ξ), ψ
q4
2000[4]S
ψ1,0(~ξ), ψ
q4
1800[4]S
ψ2,0(~ξ), ψ
q4
1600[4]S
ψ3,0(~ξ), ψ
q4
1400[4]S
ψ4,0(~ξ)
